JOURNAL OF
FLUIDS AND
STRUCTURES

LSEVIER Journal of Fluids and Structures 19 (2004) 765-783

www.elsevier.nl/locate/jnlabr/yjfls

Limit-cycle stability reversal via singular
perturbation and wing-flap flutter

D. Dessi?, F. Mastroddi®*

YINSEAN, Via di Vallerano, 139, I-00128 Rome, Italy
® Dipartimento di Ingegneria Aerospaziale e Astronautica, Universita degli Studi di Roma “La Sapienza”, Via Eudossiana 18,
1-00184 Rome, Italy

Received 21 January 2003; accepted 18 April 2004

Abstract

A three-degree-of-freedom aeroelastic typical section with a trailing-edge control surface is theoretically modelled,
including nonlinear springs for both the nonlinear description of the torsional stiffness and of the hinge elastic moment.
Furthermore, augmented states for linear unsteady aerodynamic of 2-D incompressible potential flow, have been
considered in the model. First, the system response is determined by numerically integrating the governing equations
using a standard Runge—Kutta algorithm in conjunction with a ‘shooting method’. The numerical analysis has revealed
the presence of stable and unstable limit cycles, along with stability reversal in the neighborhood of a Hopf bifurcation.
Consequently, the equations of motion are analysed by a singular perturbation technique based on the normal-form
method. This method, originally introduced by strictly applying a resonance condition, is herein extended by applying a
near-resonance condition in order to improve the semi-analytical description of the stability reversal behavior.
Therefore, amplitudes and frequencies of limit cycles depending on the flow speed V" are obtained from the normal-form
equations, and the terms which are essentially responsible for the nonlinear system behavior are identified.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The prediction of the speed above which the system becomes unstable is one of the most relevant objectives in
studying linear and nonlinear fixed-wing aeroelasticity. If the instability involves oscillations, the phenomenon is called
flutter, otherwise it is called divergence. According to linear stability analysis, the oscillations beyond the so-called
(linear) flutter speed V' are not damped and their amplitude grows indefinitely, from a mathematical point of view,
leading to the collapse of the wing structure. In the case of nonlinear aeroelastic systems, more attention must be paid to
the effects that some kinds of nonlinearities may induce on flutter. In Dowell et al. (1997) an exhaustive review of the
scenario of nonlinear aeroelastic phenomena has been presented. Within this framework, nonlinear torsional stiffness
and control-surface freeplay have a relevant role, as one can see in the technical literature over the last decade; like in
Lee and Tron (1989), Alighanbari and Price (1996), Lee et al. (1997), Lacabanne (1997), Conner et al. (1997), Lee et al.
(1998). In these papers the nonlinear aeroelastic vibration of a 2-degree of freedom (2-dof) pitching and plunging airfoil
or 3-degree of freedom (3-dof) pitching, plunging airfoil with a control-surface-independent rotation with structural
freeplay nonlinearities have been numerically studied and sometimes compared with experimental results. Indeed, these
kinds of nonlinear aeroelastic models are typically considered as tools by the researchers, both to validate the used
physical simplified model by means of comparison with experimental results and, above all, to validate numerical and
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analytical methodology to study aeroelastic systems; also significant in this case is the use for this nonlinear aeroelastic
model of signal-processing theory, by means of an input/output system analysis, to identify the nonlinear behavior of
the system, as shown in Mastroddi and Bettoli (1999) and Alighanbari and Lee (2003).

Focusing attention on this nonlinear aeroelastic system when exhibiting limit-cycle oscillations (LCO), the nonlinear-
flutter behavior may be classified into two types: benign and explosive flutter. In the first case, above the linear flutter
speed, the system tends to stable limit-cycle oscillations (LCOs), leading to a supercritical Hopf bifurcation; whereas in
the second case, even below the linear flutter speed, the system, for small values of Vr — ¥, may experience instability,
provided that the initial conditions are sufficiently high, namely a subcritical Hopf bifurcation. From a practical point
of view, the second case (known as ‘explosive’ or ‘destructive’ flutter, see Fig. 1), implies that below the linear flutter
speed Vr (as obtained from the linear analysis) the system experiences a sudden onset of a destructive instability.
However, an even more frightening implication is that the linear flutter speed is not at all a safe prediction, since this
destructive instability may occur even below the linear flutter speed Vr, provided that the wing experiences a sufficiently
high perturbation as, for example, an encountered gust. It should be emphasized that such an analysis is not used in the
actual design of aircraft.

However, there is well-known experimental evidence, e.g., in Lacabanne (1997), Chen et al. (1998) and Matsushita
et al. (2001), as well as numerical evidence as shown in Woolston et al. (1957), Lee et al. (2002) and Dessi et al. (2002),
that a combination of (i) small-amplitude unstable limit cycles, and (ii) large-amplitudes stable limit cycles may occur
below the linear flutter speed, i.e., the possibility, under suitable initial conditions, of finite-amplitude LCOs below the
linear flutter speed. This phenomenon is depicted in Fig. 2, which shows a subcritical Hopf bifurcation exhibiting a so-
called turning point [Nayfeh and Balachandran (1994)] at a velocity lower than the (linear) flutter speed, determining a
‘knee’ in the bifurcation diagram where the unstable limit-cycle (sub-critical Hopf bifurcation) reverses into a stable
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one. For instance, in Dessi et al. (2002) it has been underlined how a proper choice of some structural parameter in a 2-
dof typical section model with a nonlinear spring (e.g., the distance between the aerodynamic center and the elastic
center) can determine the bifurcation type (e.g., limit-cycle stability and reversal) in the neighborhood of the linear
flutter speed V.

In this paper both the standard LCO analysis in the neighborhood of the flutter speed and the higher-order analysis,
(i.e., LCO stability reversal at the turning point) have been applied to a 3-dof aeroelastic system. Furthermore, the
results obtained via numerical simulation have been compared with those given by using a perturbation technique;
specifically, the normal-form (NF) method has been applied for this purpose. As a natural consequence, the semi-
analytic procedure associated with the NF analysis has allowed the identification of the nonlinear contributions
responsible in the mathematical model for the reversal behavior. The main features of the bifurcation diagrams—
critical point (linear flutter speed), turning point abscissa (minimum speed for undamped oscillations) and related
amplitudes—have been studied with respect to some aeroelastic parameters characterizing a 2-D airfoil with a trailing-
edge (TE) control surface.

The mathematical model for the 2-D airfoil aeroelasticity study, with a TE control surface, with nonlinear springs, is
presented in Section 2. Next, in Section 3, the standard NF approach is briefly described. Finally, in Section 4, some
results on different numerical simulations obtained with numerical integration and the NF singular perturbation
technique are shown.

2. Equations of motion

Consider a 3-dof airfoil, elastically supported by a linear plunge spring and a nonlinear torsional spring. It is
equipped with a control surface (flap) constrained to the wing with a nonlinear torsional spring (see Fig. 3). Using
standard notation, the plunging deflection is denoted by 4, positive in the downward direction, o is the pitch angle about
the elastic axis, positive with nose up, and f is the flap angle, positive when the TE surface is moved down.

The elastic axis is located at a distance a;b from the mid-chord, where b is half the chord, while the wing mass center
is located at a distance x,b from the elastic axis. The axis of rotation for the flap is located at a distance ;b from the
mid-chord, while the flap mass center is located at a distance xgb from the flap hinge. All the previous distances are
positive when measured towards the TE of the airfoil.

The aeroelastic equations of motion for the linear model are as originally found in Theodorsen (1935). The extension
of the typical-section equations to the case of nonlinear torsional springs can easily be achieved as in the following (see
the appendix for details):
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Fig. 3. Three-degree-of-freedom model of a typical section with control surface.
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where the overdot denotes differentiation with respect to the nondimensional time , defined as t = V' ¢/b, £ = h/b is the
nondimensional plunge displacement of the elastic axis, r, = 1/J,/mb? is the reduced radius of gyration about the
elastic axis, ry = \/Jg/mb? is the reduced radius of gyration about the flap hinge, u = npbh?/m is the mass ratio; note
that M,(x) represents the overall contribution of the torsional spring moment of the wing section, while Mpg(f)
represents the torsional spring moment of the flap, both including the linear and nonlinear part, respectively.
Furthermore, 2, and Q, are given by Q| = w¢/w, and Q> = wg/w,, where w¢, w, and wg are the uncoupled plunging,
pitching and flapping natural frequencies, respectively; U is defined as U = V' /bw,, where V is the dimensional speed.
Moreover, p and r are, respectively, the lift and pitch aerodynamic moment for the wing, whereas s is the pitching
moment acting on the flap. For incompressible two-dimensional flow, by combining the analytical expressions of the
forces in the frequency domain given by Theodorsen (1935) with the expressions given in Fung (1955) in the time
domain for plunge/pitch typical section, one obtains

p= ’i [+ & — ayi — (To/mf — (T1 Jm)fi — 2u(wyya)],

r= - %[5/10% +(1/8 + ap)si — aé + (Ts/m + Tio/m)B + (T1 /m — Ts/n — (b — an) Ta /7 + 1/2(T11 /7))

—(Ty/m+ (by — ap) Ty /m)f — 2u(w34)],

s= — #[(—2%/7[ — T/ — a@,Ty/m)i + 2(T3/m)éi + (Ts/n* — TyTio/m*)B — 1/2(Ty/n)(Ty1 /m)f — (T3 /)
B

— (T1/m)é + (Tra/mu(ws 4], )

where the circulatory part of the lift and pitching moments denoted by u(w3,4) in the above expressions is given, in the
case of zero initial conditions, by

uvs) = [ opia(o) do 3

with w3 4(t) = &(t) + @) + a(t) + (Tro /)P + (T11 /2m)B, @ = 1/2(1 — @), and ¢(t) being the Wagner function [see
Theodorsen (1935) for the definition of 7js]. Using the classical finite-state approximation for the Wagner function ¢
introduced in Jones (1940) [see also [Edwards et al. (1979)] for an equivalent procedure in the Laplace domain], the
problem may be recast (Dessi et al., 2002) as a system of eight first-order differential equations,

w = A(U)w +r(w, U), 4)

where w = {&, d, [3, w &, o, f, u} T is the state-space vector, A(U) is the linear part of the equations of motion as obtained
by Eqgs. (1) and (2) and r(w, U) is the vector of nonlinear terms.

Using the linear coordinate transformation w = Rz induced by the local eigenproblem A(Ur)R = RA, the following
linearly diagonal format is obtained:

z2=Az+1(z,U), (5)

which is the starting point for the application of the NF technique.

It is worth pointing out that, from a modelling point of view, Eq. (4) is quite representative of an aeroelastic system
exhibiting a nonlinear behavior in the sense that, e.g., its linear portion can be described with standard commercial
codes. Indeed, by using a modal description for the structures and a finite-state representation for the aerodynamics
(Morino et al. 1995), the displacements with respect to an equilibrium solution (i.e., the fixed-wing trim conditions) at
given locations and the unsteady loads have to be determined. Thus, introducing a set of N generalized coordinates, and
N + M additional states composed by the N first time derivatives of the generalized coordinates and the M
aerodynamic states, the state space vector can be written in this general case as

W= {1, @ oo NS AN AN, - QN ) (6)

3. Normal-form analysis

In this section the essentials of the normal-form (NF) method applied for the nonlinear analysis of higher-order Hopf
bifurcations is presented. It is a general singular perturbation technique, based on the idea that a nonlinear system can
be simplified by a suitable transformation of the state-space variables in the phase space. This goal is achieved by two
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different steps: by reducing the number of equations and by using the NF method to eliminate in the reduced equations
the nonlinear terms that do not contribute significantly to the solution. For both steps, the selection of the linear and
nonlinear terms is performed by introducing the so-called ‘‘near-resonance condition” (Dessi et al., 2002). Next, the
methodology is presented, for the limited case of algebraic nonlinearities.

Consider a one-parameter system of N nonlinear differential equations

Xn = Hn(X1,X2, ..y Xy o, X3 ), n=1,...,N, @)
with N unknowns, and we assume that #,(xi, ..., xy; ) be an analytic function (in particular a polynomial) of the
variables xi, ..., xy and the parameter u.

There are two ways of dealing with the system parameter y: (i) adding a supplementary equation st = 0 to Eq. (7), or
(ii) using a rescaling parameter ¢ to provide an expansion for p. In the first case, the parameter u is considered like a
state-space variable and the NF-method has to be applied to the “augmented system” of N + 1 equations; this generally
simplifies the numerical implementation of the NF technique. In the second case, the cascade of equations obtained is
ordered with respect to the rescaling parameter ¢ (which has to be eliminated to turn back to the original variables) and
not, as in the first case, with respect to a norm of the unknown; nevertheless, this version of the NF method seems to be
more intuitive and it will be preferred in the following. Note that, for the present problem, no practical difference in the
numerical results can be detected between the two versions of the NF method.

Taking a Taylor expansion of J#,(x; u) around x, = 0 with n =1, ..., N and assuming #,(0; u) = 0, the dynamical
system may be re-written as

N N
Xp = Anp(,u)xn + Z an,q(,u)prq + Z énpqr(ﬂ)xpqur + o (8)

py=1 pigr=1
For the sake of conciseness in outlining the NF method applied to higher-order Hopf bifurcations, it is convenient to re-
write the previous equation using the vector notation
X = Aux + b0x, x; 1) + &(x, %, %; 1) + O([x][H), ©)

where A is an N x N matrix, whereas b and ¢ are a bilinear and a trilinear form, respectively.

Let /;(u) denote the eigenvalues of A(y). In the following, we assume that for a given value of u (which, without loss
of generality, we assume to be zero) the system becomes unstable. Specifically, we set 4; = if(O).

Moreover, we assume also that A; = /1, = iw and that Real[/;]<0 for i = 3, ..., N. In addition, we assume that in the
positive neighborhood of u =0, if = Real[/,] > 0 and that Real[/,]<0 (i = 3, ...,N).

On the basis of the above assumptions, we can write

A=Ag+ pA; + 0. (10)
Next, we also assume that A; eigenvalues of the matrix A, are distinct. Hence, Ao will have linearly independent right
eigenvectors r;, with R = [ry, 1y, ..., ry] such that

R 'AgR = A, an
where A = diag(4,, ..., Ay) is diagonal matrix with elements equal to 4y, ..., Ay.

Then, setting x = Rz and pre-multiplying Eq. (9) by R™!, one has

L= (A+ pAz +b(z,2) + e(z,2,2) + O(2]) + OG°) + Oullz]*),
where A; = R’lAlR, b(z,z) = R’IB(RZ, Rz;0), and c(z,z,z) = R7'&Rz, Rz, Rz;0). Next, we introduce the ordering
parameter ¢ such that z = eu. Note that the introduction of this new state-space variable which is a typical issue in

perturbation methods (Nayfeh and Balachandran (1994)) allows one to scale the contributions of any terms in each
equations on the base of the amplitude of the original state-space variable z. Hence,

it = Au+ pAju + eb(u, u) + &c(u, u, u) + OE) + O@?) + O(ue). (12)

For simplicity, in this work we can assume that the even nonlinear terms vanish (this is true because the system is
symmetric, so that the equations are invariant if u is replaced by —u). Then, we have

it = Au+ pAju + 2¢e(u, u,u) + OEY) + 0?) + O(ue?), (13)

since the even terms in u (in particular, the fourth-order terms) have been assumed to vanish. Finally, in order to
balance the nonlinear terms with the increase in the linear terms, uAu (this will be clearer later), we choose

u= igz, (14)
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Then, we have

u=Au-+ 82[Al.l + c(u,u,u)] + (9(84) (15)
with A = iAl
The above problem may be written as
it = Au+ P) + 0(eY (16)

with f®(u) = Au + c(u,u,u). The normal-form method consists of simplifying the differential problem through the
“near-identity”” coordinate transformation

u=y+ewy) + 0@, (a7

where w®)(y) is to be chosen so as to simplify the problem. Combining Eqs. (16) and (17) one obtains

U=y +EWy+ 0 = Ay + €W () + EfP(y + ) + O(Y), (18)
where W = aw®@ /dy, or, using (I + &2W)~! = I — &2W + 0(c*),

¥ == 2WAY +&wO(y) + 1)) + 0. (19)
Collecting same-order terms yields

y= Ay + g0y + 0@, (20)
where

g2(y) = —WAY + AW (y) +£2(y). @n

Eq. (20) is formally equal to Eq. (16) although the vector field w®(y) (and its derivative) has to be defined in order to
simplify the transformed problem given by Eq. (20). Next, we choose w®(y) so as to remove all the terms that cause
unnecessary complexity in Eq. (16). To be specific, using the indicial notations, f®(y) = Ay + ¢(y, y, y) may be written
as

f;g(z)(yk) = Z anpyp + Z CnpgrYpYaq)r- (22)

Thus, the objective of choosing Eq. (17) so as to render Eq. (20) simpler than Eq. (16), is achieved by choosing for
w®(y) to have the same functional dependence as Eq. (22), i.e.,

Wf)(yk) = Z OlnpYp + Z 'Vnpqrprqyrs (23)

where o,, and are to be determined (see later). This implies

Vupgr
W(z) _ 611/5’2)
nk ay N

Combining Egs. (21), (22) and (24), one obtains
9200 =Y Wiy + 2P i) + k)
- Z npopVp — Z Vupar(Pp = 2g + 2 )VpYaVr + I <Z OnpYp + Z Vnpqrypyqyr>
+ Z <“an’17 + Z Cﬂpqrpr’qyr)
= "law — Gp = iotaplvp + Y [ewpar — U+ g + 2 = 2 upir Y- (25)

Next, we choose ¢, and 7, so as to eliminate from the term given by Eq. (25) as many terms as possible. Specifically,
this objective may be achieved if one sets

= Z “npépk + Z Vnpqr(épkyqyr + .Vp(sqkyr + ypyqérk) (24)

Ayp .
—if )y — I #0,
Oy = { p — e (26)

0 otherwise;
O Dyt Ay — A #O,

= Jp+ig+ A — I 27

0 otherwise.

ynpqr
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These equations, combined with Eq.(23), define completely the vector w?(y). Thus, one can go back to the
“transformed problem” given by Eq. (20), where g®(y;) is now given by

9512)(}7/() = Z Anp)p + Z CnpgrYp)qVrs (28)
pell’j pqrell'jq,.
where, according to Eqgs. (26) and (27) I} and I, are given by
Iy = {(mp)ldp = Zu}, (29)
I;lqr ={(mp,q, V)M[, + ;~q + A = Au}. (30)

Eq. (20), with g@(y) given by Egs. (28)~(30), is indeed simpler to solve then Eq. (16).

It is important to remark that, in the case of dynamical systems exhibiting higher-order Hopf bifurcations, also the
fourth-order terms have to be analysed because they may significantly contribute to the solution. This is the case of the
aeroelastic system considered in this paper, where the fourth-order terms were not present in Eq. (16) but they are
generated by the second-order normal-form procedure (this statement can be demonstrated by recasting Eq. (4) in the
form of Eq. (8) and assuming cubic nonlinearities). Therefore, considering Eq. (20) and considering the fourth-order
terms, the following equation needs to be simplified by the NF procedure:

¥ = Ay +&2gP(y) + 9 (y) + 0). 31)

Again, the NF-method consists of searching for a new state-space coordinates through the ‘‘near-identity”
transformation

y=v+awdm) + 0, (32
where w*)(y) is to be chosen so as to simplify Eq. (31). The transformed dynamical system will be in the form
V= Av + £gPW) + e*g®(v) + 0(%). (33)

The procedure to determine both the unknown coordinate transformation w®(v) and the resonant terms g(v) is
formally identical to those outlined for the second-order terms (Egs. (22)—(30)).

For Hopf bifurcation analysed in the frame of the Center Manifold theorem, Eq. (33) in the unknown v (the so-called
“resonant” equation) will include as significant only scalar equations corresponding to the critical eigenvalues 1; =
A1 = iw; this implies, by using trivially the coordinate transformation u = y = v (higher-order terms can be disregarded
in Egs. (14), (17) and (32)), that the relevant part of the nonlinear dynamics of the system will be given by the
“manifold” associated to the pair of complex conjugate equations

= Aup + E apupy + E ClpgripUqUy + E €1pgrstUpUqUyUsy,

| el . 1
Pel, pqrely, pyrstel,,
. 9 2 :
Uy = Uy + E aply + § CopgrUpUqUy + €2pgrstUpUqUyUgly, (34)
pel? pqrell, parstel;

parst
where e1pqrsr = @xpgrs 15 the generic coefficient of the fifth-order monomial in the variable u.

Lo = mp,q,r, 8,000 + Ag + A + s + 2s = A} (35)

pqrst

However, it may happen that the center manifold hypothesis is violated, i.e., the manifold embedding the solution
requires more coordinates u;,, u;, ... to be satisfactorily described (this point will be illustrated for higher-order Hopf
bifurcations investigated in the following section). In other words, this implies that the coordinates u;,u;,, ...
(associated to the damped eigenvalues) contribute significantly to the solution.

In this case, the natural way to improve the accuracy of the solution could be to consider more equations than those
indicated by the Center Manifold theorem and to apply the zero resonant condition (as in Egs. (26) and (27)) to retain
the nonlinear terms in the transformed problem in the state-space variable v. This procedure, however, might be
inconsistent and, therefore, it is necessary also to loosen the zero-resonant condition stated in standard NF analysis,
introducing a more appropriate ‘near-resonant’ condition (Dessi et al., 2002). It means that Egs. (26)—(27) are replaced
by the following inequality conditions:

Aif/l_jvnga
g Tl = dlise 6

0 otherwise,



772 D. Dessi, F. Mastroddi | Journal of Fluids and Structures 19 (2004) 765-783

Cnpgr . s o
e if A, + A+ A4 — A< p,

)bp + /Lq + )vr — /n || ’ ¢ "H P (37)
0

otherwise,

Vﬂpqr =

where ||.|| is the Euclidean norm, p is a small arbitrary positive real number such that as it becomes larger, more terms
are retained in Eq. (34).

A geometrical interpretation of how the terms are chosen in the resonant equation is given in the following way.
There is a one-to-one correspondence between terms in Egs. (20) (or Eq. (33)) and the following complex quantities

Hfts overfi) = Di = Dy A+ Dy A oo+ 25) (38)

denoted as i-points. Plotting all ):—points in the complex plane corresponding to non-vanishing terms, the condition
||.]| < p indicates that only the terms located inside a circle of radius p are retained in Eqs. (20) and (33). At this point, the
smallest value of p, say p*, that provides a good approximation for the solution of Eq. (16) has to be determined. This
‘optimum’ value of p exists by considering the two opposite limiting cases: (i) for p = 0 a pair of complex conjugate
resonant equation with nonlinear terms up to the fifth order are obtained; (ii) for p arbitrarily large, all the equations
with all the original cubic nonlinear terms are included (this is equivalent to a trivial diagonalization procedure of
Eq. (7).
An optimum p* e (0, o0) is provided in this paper as illustrated in the next section by a trial and error procedure.

4. Numerical results

In this section, the above formulation is applied to study the stability of the 3-dof typical section defined by Eq. (1) in
the neighborhood of the linear flutter speed Ur. As mentioned before, all the analysis shown herein has been performed
on the aeroelastic equations recast in the form of Eq. (4). In order to validate the procedure by which the first-order
form of the aeroelastic equations was obtained, a linear stability analysis has been successfully performed on the typical
section considered in Edwards et al. (1979), obtaining the same flutter speed. Next, a nonlinear model has been
considered, assuming the pitching moment given by a cubic function M, () = ¢j,0 + c3,%°, as in Alighanbari and Price
(1996), and Mp(B) = f. The values of the coefficients considered in this case are u = 100, x, = 0.25, Q; = 1.2,r, = 0.5,
xp = 0.0125, Q, = 3.5, rg = 0.0791, b;, = 0.6, whereas a;, assumes different values in several simulations.

The flutter speed and frequency are obtained by a linear standard eigenanalysis (Fig. 4; the poles are normalized with
respect to w, for sake of clarity). In the case of a;, = —0.5, one obtains Ur = 4.6724 and wy = 0.268; (note that the
corresponding values for the same typical section without flap are Ur = 4.9371 and wr = 0.255; therefore, adding the
flap to the wing seems to lower the flutter speed and to rise slightly the flutter frequency). [Note also that the linear part
of the model was also validated considering the test case presented in Edwards et al. (1979, Fig. 5, p. 368): using the
input data indicated in the reference, we obtained a dimensionless flutter speed Urp = V¢ /bw, = 3.003, which coincides
with the value given in the referred paper.]

In Fig. 5 the numerical LCO plunge-mode amplitude, &, is given as function of U, in the neighborhood of Uy, for
¢3, = =50, and for a, = —0.50, —0.49, —0.48, —0.47 and —0.46 (note that the different values of a; correspond to
different positions of the elastic center along the chord). Specifically, these LCO amplitudes are computed with the
shooting method [see, e.g., Nayfeh and Balachandran (1994)]. It is apparent from Fig. 5 how the shape of the
bifurcation diagram changes with ay; for a; ~ — 0.47, the Hopf bifurcation changes from subcritical into supercritical,
and the turning point disappears, as the absolute value of «;, decreases.

It is important to note that the value of the nonlinear coefficient ¢3, does not affect the speed at which the turning
point appears, but it determines only the LCO oscillation amplitudes. This issue is evident in Fig. 6, where the curves for
the LCO amplitudes of &, & and f for the case c3, = —50 are depicted together with the plunge amplitude for the case
C3y = —40.

The following comments arise from a first analysis of Figs. 5 and 6 (and similar successive figures) concerning the
local study presented, in the neighborhood of the linear stability limit (i.e., when U~ Uy). The first comment is that the
safe flight speed is slightly reduced, i.e., the possible onset of undamped oscillations is anticipated in correspondence of
the turning-point abscissa Urp~4.674 with respect to Ur ~4.677. Specifically, for U < Urp the steady-state trivial stable
solutions are reached starting from any initial conditions; for Urp < U < Up, steady-state trivial solutions are reached
for sufficiently limited initial conditions (where the limit is essentially given by the unstable branch); finally, for U > Up,
a LC solution type is reached for any initial conditions. Therefore, although the range given by Urp< U< Ur may
appear as not too significant from a practical point of view, this becomes relevant if interpreted as a ‘boundary layer’
stability region in nonlinear aeroelastic analysis. Indeed, the second related comment is that the steady-state LCO



D. Dessi, F. Mastroddi | Journal of Fluids and Structures 19 (2004) 765-783 773

4 —— i
flap mode
2+ plunge mode E

pitchmode R

AR

finite state modes

Imaginary part
o

S
T

W

Il Il
-0.1 -0.08 -0.06 -0.04 -0.02 0 0.02
Real part

Fig. 4. Root locus for the poles of the linear part of the aeroelastic equations.
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Fig. 5. Pitch NL case: bifurcation plot of the plunge amplitude of LCOs with respect to the nondimensional flight speed U.

amplitudes do not continuously vary with respect to the flight-speed parameter, as there is a stability jump between the
trivial steady solutions and the LC solutions if the given initial conditions have sufficiently high values. This issue,
together with the previous one, gives as general comment that the nonlinear analysis makes the original stability limit
more fuzzy with respect to the linear one, in the sense that the transient from the stable region to the unstable one
occurs through the crossing of a thin region as function of the velocity-flow parameter (Urp < U < Ur) and not of an
isolated point as in the linear stability analysis or in the standard bifurcation scenario. This ‘boundary layer’ stability
region, where the most interesting nonlinear pre-critical behaviors occur, has been evaluated in the present analysis.
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3, = —50 and c¢3, = —40 with a;, = —0.49.
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Next, the stability of these LCOs may be analysed by means of the Floquet theory [see, e.g., Nayfeh and
Balachandran (1994)]. The results are shown in Fig. 7, which depicts in the neighborhood of the flutter speed (for
ap, = —0.49) the modulus of the critical Floquet multipliers both for stable and unstable LC (i.e., those with values close
or equal to one; recall that if a Floquet multiplier is outside the unit circle, the corresponding LCO is unstable). As
indicated, the upper branch of the first Floquet curve refers to the unstable limit cycle which starts at the bifurcation
point (modulus larger than one). On the other hand, the lower branch of this curve refers to the stable limit cycle (into
which the unstable one turns at the turning point).
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Let us consider the approximate limit-cycle solutions, as obtained with the NF outlined before, and shown in Fig. 8
for the case a; = —0.49. The dotted curves, as obtained by the LC steady solution of the NF method, Eq. (31),
corresponds to the fifth (curve on right) and third (curve on left) NF approximation whereas the solid curve
corresponds to the direct numerical simulation.

It should be emphasized that the NF curves are obtained using only a pair of complex conjugate equations, which
correspond to the critical eigenvalues, whereas the numerical simulation involves the complete system. It is remarkable
that the third-order approximation does not capture (not even qualitatively) the ‘knee-type’ higher-order bifurcations.
On the other hand, the fifth-order approximation detects the existence of stability reversal at the turning point, but
underestimates both the pre-flutter instability range and the LCO amplitudes. As mentioned above, the discrepancy in
the curves is explained later in terms of the inadequacy of the use of two modes (corresponding to the critical
eigenvalues) in the fifth-order analysis.

Specifically, in obtaining these results, the NF perturbation technique has been applied under the heuristic
assumption (correctly prescribed by the Hopf bifurcation theorem in the case of pitchfork bifurcations) that the modes
to be used are those identified by the center-manifold theorem [i.e., the linearly undamped or marginal modes; see, e.g.,
Guckenheimer and Holmes (1983)]; indeed, the NF approach, whenever applied to the center manifold, can give results
only for the space-state variable associated with the first mode. Furthermore, in the case of a fifth-order approximation
this assumption leads to uncorrected results because it is clearly violated even for small values of U — Uy, since the first
two pairs of damped modes become relevant as shown in Fig. 9 whose amplitudes are given by the modulus of the
unknown uj (or us = i13), and the modulus of the unknown us (or ug = iis, where the overbar indicates the complex
conjugate).

This issue implies that, using the perturbation analysis, also the contribution of other complex state variables should
be included. This was investigated as shown in Section 3. The /-points are plotted in Fig. 10 for every combination of
i,J1, -.-»jm (each one corresponding to a different nonlinear term), for U = Ur. We obtained, by trial and error, that the
/”:-points inside the curve depicted in Fig. 11 for the case a;, = —0.49 are considered as ‘near-resonant’ (i.e., ‘small
divisors’ in Poincaré’s terminology); in other words, this one correspondingly has the minimal set of equations that
yields a good agreement between the solution of the NF equations and that of the original equations. Specifically, if we
increased the number of i-points, no difference was observed; on the other hand, if any of the }Z-points in the ‘minimal
set’ was removed, substantial deterioration was obtained. It is worth noting that the curve in Fig. 11 is a circle: this fact
is used in Fig. 12, where the time history of \/ujiiy, is plotted for increasing values of the circle radius p (i.e., adding
more and more nonlinear terms until a satisfactory solution is obtained). Good agreement with the full-system solution
is achieved in this case for p = 0.1. Note that the same number of nonlinear terms was retained also in the NF
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Fig. 8. Pitch NL case: bifurcation plot of the plunge amplitude of LCOs with respect to the nondimensional flight speed U; shooting
method versus NF method.
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approximation of Eq. (5) for U = 4.6724, which Fig. 12 refers to. This value of p is such that no contribution is given by
the equations for u; and ug. Thus, the obtained essential equations useful to satisfactorily describe the nonlinear
dynamics are

i =2+ Y0 Ayt D0 Cipgrliplighy + D0 ClpgraitipllgUytisiy,

pel) parell, pqrste]llw
w3 =23u+ Y aply+ D Cypgrliplgly + D €3pgreipliqly Uiy, (39)
pe 11;* pqre 1;4], pgrste Inzqrsf

s = Asu + Z asplpy + Z CspgritpUgy + Z C5pgrstUpUgUyUsly,

5 5 . 5
pel; pgrell, parstely,,
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where u, = i1y, us = i3 and us = iig. The generic index combinations /;, are such that the corresponding eigenvalues
give a /":-point located inside the circle of radius p = 0.1. A summary of the results is given in Fig. 13, where the absolute
value of the LCO amplitudes of u; (critical mode), u; and us are given for some values of U; the lines refer to numerical
integration results (where the shooting method was employed), whereas the points are obtained using the NF including
the contribution of the equations associated to the /i-points located inside the circle with radius p = 0.1. It is worth to
point out that all the mode amplitudes—mainly related with the structural dof—are computed by solving Egs. (39).
In the following part of this section, we assume that M,(x) = o and Mp(B) = cipf + 03,;[33 (the values of the other
typical section coefficients are unchanged). If ¢4 is put equal to one, the same linear flutter speed is obviously obtained
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as in the case of the typical section with a nonlinear spring in pitch. In order to make a comparison with the previous
nonlinear case, ¢33 = —50 is assumed, giving the subcritical (pitchfork) bifurcation shown in Fig. 14. The amplitude of
plunge LCOs obtained via the shooting method is indicated with the solid line, whereas with the dashed lines the third-
and fifth-order NF approximations of the amplitude of LCOs are depicted. It is clear how the fifth-order approximation
of the unstable LCOs is improved with respect to the third order NF form analysis. If the sign of the nonlinearity is
reversed (c3g = 50), the unstable limit cycle is changed into a stable one as shown in Fig. 15 (the same kind of comments
about the accuracy of NF approximations can be given again).
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Fig. 13. Pitch NL case: bifurcation plot with respect to the nondimensional flight speed U for different /":-point terms.
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A case more similar to that of freeplay in the control surfaces is obtained when ¢y, the linear part of the flap restoring
moment, is decreased (in the case of freeplay, the tangent of the curve of the restoring moment at the origin is
horizontal). As long as ¢z is decreased, the flutter speed reduces too. It is interesting also to note that for ¢;3~0.85 the
mode that becomes (linearly) unstable is no longer the plunge mode but the flap mode. This causes a significant change
in the LCOs, which are greatly reduced; this is strictly related with the derivative of the real part of the critical
eigenvalue with respect to U at Up, which is much smaller for the flap mode than for the plunge mode. In Fig. 16, the
time history of plunge is depicted for U = 4.474 > Up. As one can see in the first part of the diagram in Fig. 16 (up to



780 D. Dessi, F. Mastroddi | Journal of Fluids and Structures 19 (2004) 765-783

t = 180 dimensionless time), the response to given initial conditions is dominated (because of the initial conditions
themselves) by the plunge aeroelastic mode which is not, however, the mode nonlinearly involved in the LCO as clearly
shown by the NF analysis. Therefore, after a transient phase which is active up to ¢ = 800, the response stabilizes in a
LCO having a different frequency which is that of the center manifold [i.e., the imaginary part of the pitch critical
aeroelastic pole: it is worth pointing out that, from nonlinear system theory, the eigenspace associated to the critical
eigenvalue is the local approximation of the nonlinear concept of ““‘manifold” for small value of parameter perturbation;
see, e.g., Guckenheimer and Holmes (1983)].

Finally, it is also worth to note that, for values of ¢4 close to 0.85, the plunge-mode and the flap-mode eigenvalues
cross the imaginary axis in a very small range of U, and, therefore, a study of higher manifold bifurcations should be
required.

5. Concluding remarks

In the present paper some results about a numerical solution and a semi-analytical perturbation approach—based on
the NF method—of a 3-dof aeroelastic system with cubic nonlinearities are shown and discussed. Both torsional and
TE-flap nonlinear features are considered in the analysis of the typical section behavior. Indeed, the equations of the
described aeroelastic model, in a first-order state-space form, have allowed to apply a third-order and a fifth-order
perturbation method to find out a semi-analytical approximation of the numerical bifurcation plots, revealing both a
Hopf bifurcation (specifically, an unstable LCO) and a stability reversal behavior (turning point).

The analysis of this nonlinear aeroelastic model showed the dependence of the bifurcation diagram (pure pitchfork or
‘knee’-like shape) upon the position of the elastic center.

Moreover, the NF method has been applied as an actual tool useful to identify the nonlinear contributions
responsible in the mathematical model of the reversal behavior. The possible extension of this result could be an inverse
procedure based on the use of these indications to achieve suggestions on how to modify some system parameters in
order to improve the nonlinear flutter performances (LCO and/or reversal behavior) of a wing.
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Appendix. Model Coefficients

The aeroelastic equations of motion for nonlinear 3-D typical section with a TE flap can be written as follows:

mh + S,6 + S/;ﬁ + kph = 2,
Syl 4 T35+ (T + b(by — an)Sp)f + ks Mo(2) = M, (A1)
Sph + (Jg + by — ap)Sp)i + Jgf + kgMp(B) = M,

where the associated coefficients are defined in Table 1. By defining the following undimensional coefficients
E=h/b, x,=S,/mb, xp=Sp/mb,
wp = ky/m, @ =ky/J,, w/z; = kp/Jg,
ri = Jx/mbz, r,zj = J/g/mbz, = m/pnbz,

and by substituting the above relationships into Eq. (A.1), after some algebra we obtain the equations of motion in a

undimensional form

X6+ xpB+ 03E = e

. . My
%€ + 136+ (r + (b — an)xp)f + ri0l M,() =

mb?’

xpé+ (% + (by — an)xp)ii + f + riof Mp(p) = m_b/;

(A.2)
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Table 1

Definitions of coefficients in Eq. (A.1)

P Mass of air per unit of volume

m Mass of the airfoil (mass of the wing per unit of length)

Sy, Sp Static moments of wing-flap and flap, respectively

S, Jp Moments of inertia of wing-flap and flap, respectively

ky, ki Torsional stiffness of wing and flap, respectively

ap, by, Distances of airfoil elastic center and flap hinge from airfoil mid-chord

Furthermore, let

Q= wp/wy, 2o = wp/wy,
U=V/bw,, t=Vt/b= Uuwyt, (A3)

so that the equations of motion become (from now on, the time derivatives are assumed to be performed with respect to

7)

Q. &
ﬁ—i—xloc-l-xlgﬂ-‘—f Wa
b A
—ﬁ—i—a-‘—[rﬁ—‘-(h—ah)xﬁ] ﬁ+ M()_W’
X/; ﬂﬂ —
1 b A M 5
= S+ |1+ by — a = +ﬁ+ s(B) = rEmb? U2

where the aerodynamic forces are given by (Theodorsen, 1935, p. 419)

L0, p)=—pUbwynfs+ & — apd — (T4 /m)B — (Ty /)P — 2 u(w34)],

M (&0, B) = — pUb*a’alans + (1/8 + @) + (Ta/n + Tio/m)B
+(Ty/n— Tg/m — (by — ap)Ta/m + 1/2(T11 /)
—(T7/m+ by — ap) Ty /1B — ané + 2(an + 1/2) u(ws ),

My 0, p) = — pUb*o?n[(—2Ty/n — T1 /1 — @ Ta/ )0 + 2(T'3 /m)si
+(Ts — T4Tyo)/m)B — 1/2(T4Ty /m) p — (T3 /m)
— (T1/m)é = (Tra/myu(ws4)]. (A4)

Substituting the expression of the forces into the equation of motion, one obtains

. . 0?2
£+x1d€+x13[>’+7125 =p,

%¢+ G+ 11+ (b = )] 5B+ M) = (A.5)
96| a2 By s,
/3 /f
where
o ;1 j(é, aa ﬁ) — ;1<ﬂ9((£= a’ ﬂ) — i‘ﬂﬂ(é> OC, ﬂ)

= , F= , 8= .
p pU2b3win wrz pU?b*a?ln Wfi pU2b*wln
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By multiplying the second and the third equation for r? and r%, respectively, it follows that

.Q
é + X8 + xﬁﬁ + é D,
2
= LMy () = (A.6)
1202
/iQZ
xpé + [rﬂ + (by, — ap)xpléi + r/,[f + == Mp(p) = rﬂv

P [rﬁ + (by — an)xp]p +

The equation of motion can be re-written in the case of presence of cubic nonlinearities only, in the following second-
order matrix form:

(M 4+ M, )% + CueX + (UK + Kpo)X + ik (x) = —reu(wsg), (A7)
where [see Theodorsen (1935), for the definition of 7;’s fori = 1,2, ..., 11]
I x, xp 1 —ay, -Ti/n
UM+ M =p| % 15 Pl + | —ay  1/8+4d Ti/n
Xp f% r,zi, ~Ti/n  Tp/n -Ti/n
with r% = rIZ, + (by — ap)xg and Typ/n = —T7/n — (by — ap) T\ /m;
0 1 —Tu/m
C..=10 a T3 ,

0 (72T97T17L_1hT4)/T[ 71/2T4T11/T52

with T3 = (T — Ts — (by — an)Ts + 1/2T11)/n). Finally, assuming the presence of nonlinearities of cubic type, or
M, = c1,0 + c3,0° and Mg = cipf + 03/;/33, one has

o 0
U . 00 0
WKs +Kue = | 0 cm% 0 +10 0 (Ty+Tw)/n |,
2| L0 0 (Ts—TiT)/x
0 0 2
Clﬂ U2
T
r2 r 92
:ukn/(x) = ,u{O, C3g 7“2“35 C3p /2]2 ﬁ3 (AS)
and
re={-2 +2(/2+a), —Tn/m}". (A9)
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